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Brane viscous cosmology in the plasma era
Iver Brevik1
Abstract
We consider how the five-dimensional Randall-
Sundrum (one-brane) theory becomes modified when
account is taken of the bulk viscosity of the cosmic fluid
on the brane. We focus on the plasma era between
1012 K (muon pair annihilation) to about 5 × 109 K
(electron-positron annihilation), which includes the
first order quark-hadron transition beginning at an en-
ergy density of about 5 × 109 MeV4. Various possi-
bilities are examined for modeling the bulk viscosity,
preference being at the end given to the results calcu-
lated from relativistic kinetic theory. According to this,
the viscosity is negligible at the highest temperatures,
but may amount to a few per cent corrections in the
later stages of the plasma era. We also briefly consider
anisotropic universes where the shear viscosity comes
into play, and show that in the case of the Kasner model
the influences from bulk viscosity and shear viscosity
become comparable when the anisotropy parameter of
the universe is of order A ∼ 10−11 in the beginning of
the plasma era, and A ∼ 10−2 in its later region.
Keywords Viscous cosmology, bulk viscosity, plasma
era
1 Introduction
Up to now, various holographic approaches to the
N = 4 supersymmetric Yang-Mills (SYM) theory
with strong coupling have been performed from the
dual supergravity viewpoint; cf. Maldacena (1998);
Karch and Katz (2003); Kruczenski et al. (2003,a); Babington et al.
(2003); Evans and Shock (2004); Sakai and Sonnenshein
Iver Brevik
Department of Energy and Process Engineering, Norwegian Uni-
versity of Science and Technology, Trondheim, Norway
(2003); Nunez et al. (2003); Ghoroku and Yahiro (2004);
Casero et al. (2006). In these approaches, the research
has been extended to the SYM theory in the back-
ground of dS4 (AdS4) by introducing the 4D cosmologi-
cal constant (Λ4); cf. Hawking (2001); Alishahiha et al.
(2005,a); Hirayama (2006); Ghoroku et al. (2006, 2007);
Erdemenger et al. (2011); Erdmenger et al. (2012). In
this way it has been found that the dynamics of the
SYM theory is controlled by the 4D geometry, espe-
cially for the dS4 and AdS4 cases; cf. Ghoroku et al.
(2006, 2007). In this kind of theory, the 4D geometries
in cosmology are used.
Now, one might use the results of this holographic SYM
to solve the field equations in 4D cosmology. A charac-
teristic properties of such a method is that it is equiva-
lent to investigating the back reaction from SYM theory
on 4D cosmology. We intend to analyze this topic in
a later work. In the present paper we will however fo-
cus attention on another, though related aspect of the
problem, namely brane world cosmology in the early
universe. Specifically, we will consider the Randall-
Sundrum theory for a single brane situated in AdS5
bulk space, and concentrate on the lepton era for which
the temperature drops from about 1012 K (muon pair
annihilation) to about 5×109 K (electron-positron pair
annihilation). The universe is then filled with electrons,
three types of neutrinos, the corresponding antiparti-
cles, and photons; cf. Hogeveen et al. (1986).
A key reference for us will be the work of De Risi et al.
(2008), dealing with the first order quark-gluon phase
transition in brane-world cosmology. We will generalize
their analysis by taking into account the bulk viscosity
in the cosmic fluid. That such an investigation is natu-
ral to undertake, follows from the fact that the viscosity
coefficients (η for the shear viscosity, ζ for the bulk vis-
cosity) in the plasma era are very large. At least nomi-
nally, this is so. In particular, it is evident for the shear
2viscosity: under ordinary laboratory circumstances η is
of order 0.01 g cm−1s−1 (water), but in the beginning
of the lepton era it is a factor of about 1026 larger; cf.
Hogeveen et al. (1986). Also, for the bulk viscosity the
difference is very high (a factor of about 1015 larger).
Of course, a main reason for these big numbers is that
the energy densities are so high in the early universe.
To see the actual influence from viscosity, one has to
carry out the calculations explicitly.
In the next section we first present the general for-
malism for 5D viscous brane theory, discuss the tem-
perature and the duration of the first order transition,
and consider thereafter three different options for how
to model the bulk viscosity. Our preferred choice is
the expression for ζ(T ) calculated from kinetic theory.
Using it, we find that at the highest temperatures in
the plasma era the influence from friction is completely
negligible. At the lowest temperatures, the influence
from ζ(T ) may amount to a few per cent. The general
relationship between temperature T and time t is given
by Eqs. (33) and (34) below, for the post-transitional
period where the fluid has entered the hadron phase.
As usual in cosmology, we will for the most part ig-
nore the shear viscosity; this being in accordance with
the common assumption about spatial isotropy in the
cosmic fluid. In recent times there has been an in-
creased interest in anisotropic cosmology, however, for a
large part due to observations. An anisotropic universe
immediately brings the shear viscosity into play. In
the final section we consider, as a typical example, the
anisotropic Kasner universe, calculating the production
of specific entropy. It turns out that on both viscosity
coefficients, η and ζ, contribute, and it is possible to
relate the rate of entropy to the anisotropy parameter,
usually called A, in the universe. We find that at the
highest temperatures the value of A necessary to make
ζ and η of the same degree of importance, is immensely
small. At the lowest temperatures, however, a value of
A ∼ 10−2 will cause the two viscosity coefficients to be
about equally important for the entropy production.
It should be mentioned that we neglect the viscosity
of dark radiation. Very little seems to be known about
such a viscosity, if it exists at all.
2 One-brane viscous Randall-Sundrum theory
2.1 General formalism
As mentioned above, we shall consider one single brane
situated in five-dimensional AsS5 bulk space. This is
the Randall-Sundrum II model; cf. Randall and Sundrum
(1999), when the fluid on the brane has a bulk viscosity
ζ. We shall omit the dS5 case. We begin by recapitulat-
ing some essentials of this theory, as were spelled out in
Brevik et al. (2002); Brevik and Hallanger (2004) (cf.
also the related Brevik et al. (2006); Brevik (2008)).
Let the brane be located at y = 0, the surrounding bulk
being empty except from the 5D cosmological constant
Λ5. The metric is taken to have the form
ds2 = −n2(t, y)dt2 + a2(t, y)γijdx
idxj + dy2, (1)
where γij = (1 + kδmnx
mxn/4)−2δij , and where n(t, y)
and a(t, y) are determined by Einstein’s equations
RAB −
1
2
gABR+ gABΛ5 = κ
2
5TAB. (2)
The coordinates are xA = (t, x1, x2, x3, y), with κ25 =
8piG5 the five-dimensional gravitational coupling. Ein-
stein’s equations are given in the references mentioned
above, and will not be reproduced here. The form of
the energy-momentum tensor TAB is not so far speci-
fied, but as the 5D space outside the brane is assumed
empty the components of TAB are different from zero
only on the brane.
On the brane (subscript zero) the tension σ is as-
sumed to be constant. The total energy-momentum
tensor can be written as
TAB = δ(y)(−σgµν + T
fluid
µν )δ
µ
Aδ
ν
B, (3)
where T fluidµν is the fluid part
T fluidµν = ρUµUν + (p− ζθ)hµν . (4)
Here Uµ is the fluid’s four-velocity (UµUµ = −1), hµν =
gµν + UµUν is the projection tensor, and θ = 3a˙0/a0 +
n˙0/n0 is the scalar expansion. For simplicity we use the
notation a0(t) = a(t, y = 0), n0(t) = n(t, y = 0).
Imposing the gauge condition n0(t) = 1 on the
boundary we get θ = 3a˙0/a0 = 3H0. The shear vis-
cosity, as mentioned, can be omitted when we assume
spatial isotropy of the fluid. We shall work in the or-
thonormal frame where Uµ = (1, 0, 0, 0). The metric on
the brane becomes thus
ds2 = −n20(t)dt
2 + a20(t)γijdx
idxj . (5)
We have to consider the junction conditions across
the brane (overdots and primes meaning derivatives
with respect to t and y respectively). The distribu-
tional parts of a′′ and n′′ must match the distribu-
tional parts of the energy-momentum tensor. We write
a′′ = aˆ′′+[a′]δ(y), where [a′] = a′(y = 0+)−a′(y = 0−)
is the jump across y = 0 and aˆ′′ is the nondistributional
part. Similar expressions hold for n. Assuming that
3there is no flux of energy in the y direction (Tty = 0),
one derives as a consequence that
n(t, y) =
a˙(t, y)
a˙0(t)
. (6)
From the field equations we find, by integration over y,
(
a˙
na
)2
+
k
a2
=
Λ5
6
+
(
a′
a
)2
+
C
a4
, (7)
where C is an integration constant. On the brane y = 0
this implies
(
a˙0
a0
)2
+
k
a20
= λ4 +
κ45σρ
18
+
κ45 ρ
2
36
+
C
a40
, (8)
where λ4 is the effective 4D cosmological constant,
λ4 =
Λ5
6
+
κ45 σ
2
36
(9)
(note that as σ is constant, so is λ4). It is to be observed
that λ4 contains the 5D cosmological constant Λ5 as
well as the tension σ on the brane. Note also that
Eq. (8) does not contain the viscosity explicitly.
We ought here to point out that the brane equation
(8) is formally similar to the corresponding equation in
holographic cosmology; the subscript zero in that case
to be associated with the AdS boundary instead of with
the brane position y = 0. As already mentioned, we
intend to return to this correspondence in a later work.
Let us turn to the energy conservation equation in the
presence of bulk viscosity,
ρ˙+ 3(ρ+ p)H0 − 9ζH
2
0 = 0. (10)
Here the junction condition for n is taken into account;
cf. Brevik and Hallanger (2004). This equation is the
same as obtained in ordinary 4D viscous cosmology;
this may appear somewhat surprising as there is no
obvious reason why it should be so. We see that the
viscosity now appears explicitly in Eq. (10).
Note that Eq. (10) can be understood as the usual
continuity equation,
ρ˙+ 3(ρ+ p˜)H0 = 0, (11)
(for p˜ = p− ζθ), which can be read off from the defini-
tion of Tµν given above.
A note on dimensions: It is convenient to let the di-
mensions be carried by the coordinates, so that a0 and
n become nondimensional. Thus, in geometric units
[a0] = [n] = 1, [k] = [λ4] = [C] = cm
−2, [κ4]
2 =
cm2, [κ5]
2 = cm3, [σ] = [ρ] = cm−4, [ζ] = cm−3. Since
it is customary to use natural energy units in this field,
one may note the useful conversion formulas
1MeV = 5.068× 1010 cm−1 = 1.520× 1021 s−1, (12)
which imply that 1MeV4 = 2.085× 1026 erg cm−3.
2.2 Influence from viscosity in the plasma era
We first make the following observation: Eq. (8)
corresponds formally, term by term, to Eq. (6) in
Ref. De Risi et al. (2008), that paper being concerned
with the quark-hadron phase transition in the lepton
era. The last term in their Eq. (6) (called C/a40 here),
was interpreted as the projection of the 5D Weyl tensor
onto the brane. (To see the correspondence one needs
to note that the relationship between the 4D and 5D
gravitational couplings is κ24 = κ
4
5σ/6.).
We will now investigate how the relationship between
cosmic time t and temperature T becomes influenced
by the bulk viscosity, both before the phase transition,
and after it. It is helpful first to give some data of
the transition; cf. De Risi et al. (2008): It starts at a
critical temperature of Tc = 125 MeV (1.45 × 1012 K)
when the universe is a few tenths of µs old. The energy
density is then ρQ ≈ 5 × 109 MeV4 (1036 erg cm−3).
Before this instant, the cosmic fluid is a quark-gluon
plasma. During the transition Tc is constant, as is also
the critical pressure pc = 4.6×108 MeV4. At the end of
the transition ρ(t) is decreased to ρH ≈ 1.38×10
9MeV4
(2.87 × 1035 erg cm−3). The universe enters then the
hadron phase. We can calculate the duration ∆t =
th− tc of the transition by making use of the formalism
of Ref. De Risi et al. (2008). A simple calculation gives
∆t ≈ 120 µs, when the brane tension σ is taken to have
the typical value
σ = 5× 1010MeV4. (13)
This value of ∆t is relatively large. The physical rea-
son why the new phase does not turn up immediately is
that, as a characteristic property of a first order transi-
tion, some supercooling is needed to overcome the en-
ergy expense in forming the new phase. (Note: the
viscosity is not included in this calculation of ∆t.)
Let us next consider the equation of state for the
fluid. In the initial quark phase we write it in the form
ρq = 3aqT
4 +B, pq = aqT
4 −B, (14)
where; cf. De Risi et al. (2008), aq = (pi
2/90)gq, with
gq = 16 + (21/2)NF + 14.25 = 51.25 and NF = 2. The
B is the bag constant, whose numerical value is usually
given by B1/4 ≈ 200 MeV. There exist also two temper-
ature corrections to Eq. (14), one term proportional to
4T 2 and the other proportional to, but they are expected
to be small and will be neglected here for simplicity.
We now need to model the bulk viscosity ζ in
Eq. (10) (cf., for instance, Grøn (1990) and Brevik and Grøn
(2013)). This can be done in various ways. To begin
with, we might follow the ansatz of Murphy in his clas-
sic paper on viscous cosmology (Murphy (1973)), and
assume the ”kinematic viscosity” ζ/ρ to be a constant.
Near the Big Bang where ρ is large the same should
accordingly hold for ζ; thereafter ζ is predicted to de-
crease with time. This is however the opposite of the
behavior one calculates from relativistic kinetic theory.
So Murphy’s ansatz seems to overpredict the influence
from viscosity in this era of the universe’s history.
As a second option, we might assume the kine-
matic viscosity to be inversely proportional to H0,
ζ/ρ ∝ 1/H0. This ansatz was actually made use of
in Brevik and Hallanger (2004). An advantage of it
was that the mathematical handling of the hydrody-
namic formalism was found to be quite simple. As in
the present case the bag constant is not expected to
have any influence on the viscosity, we can omit B in
the expression (14) for ρq and substitute only the ther-
mal part 3aqT
4 to get for the quark fluid
ζ =
4β
9H0
(3aqT
4) (15)
with β a nondimensional constant (the factor 4/9 is
introduced for convenience).
Since ρq + pq = 4aqT
4 from Eq. (14) we obtain from
Eq. (10), inserting Eq. (15) for ζ, an equation for ρ˙q
that can be manipulated to give the temperature de-
pendence of the scale factor in a simple form,
T (a0) =
T∗
a1−β0
, (16)
the asterisk meaning a reference value, corresponding
formally to the temperature when a0 = 1. If the fluid
is nonviscous, β = 0, one gets T (a0) = T∗/a0, in accor-
dance with De Risi et al. (2008), Eq. (20). For a given
value of the scale factor a0 on the boundary y = 0, the
temperature in the viscous case becomes thus modified
by a factor aβ0 .
Let us explore the consequences of the ansatz (15)
one step further, by evaluating what correspondence
between temperature and time it actually predicts.
For definiteness we chose an initial time t prior to
the transition temperature tc (quark-gluon era). We
then have to go back to Eq. (8), in which we insert
H0 = a˙0/a0 = −[1/(1− β)]T˙ /T . Integrating from T (t)
up to Tc we then get
tc − t =
1
1− β
∫ Tc
T
dT
TD(T )
, (17)
where
D(T ) =
[
λ4 +
κ45σ
18
B − k
(
T
T∗
) 2
1−β
+
κ45σ
6
aqT
4+
κ45
36
(3aqT
4+B)2 +C
(
T
T∗
) 4
1−β ]1/2
. (18)
The viscosity thus occurs in the prefactor 1/(1− β) in
the integral (17), and in the spatial curvature term (k)
as well as in the dark radiation term (C) in Eq. (18).
On physical grounds it is however of interest to ask:
can we say something about the connection between the
ansatz (15) and general expressions for bulk viscosity
in hydrodynamics? Let us recall in this context the
following formula, derived for photons,
ζ = 4aradT
4τ
[
1
3
−
(
∂p
∂ρ
)
n
]2
, (19)
in which τ denotes the mean free time. This formula is
attributed to Thomas (1930), and is given also in the
review article by Weinberg (1971). The formula gives
us the following physical insight: its first (leading) term
corresponds to the ansatz (15) only if τ ∝ 1/H0.
In view of this restriction it is perhaps not so unex-
pected after all that the ansatz (15) does not appear
to be possessed by the cosmic fluid in the very early
universe. Kinetic theory calculations - which we shall
in the following consider as the most reliable ones - in-
dicate that at these high temperatures the value of β
is not a constant but is instead a function that varies
strongly with temperature. It might well right that the
ansatz (15) is a good one at later stages of the uni-
verse’s history, but we will further abandon this form
in this paper. So, as our third and final option, we will
henceforth simply adopt the results from kinetic the-
ory to the first order in inverse temperature as given by
Hogeveen et al. (1986):
ζ(T ) = ET−5, with E = 2.8× 1073 g cm−1s−1K5,
(20)
(cgs units). Also, we will henceforth focus on late part
of the plasma era, which is the only part of it where
viscosity seems to be of physical importance at all.
Assume now temperatures T ≤ 1010K, when the
fluid is in the hadronic region. The energy density is
then ρh = 3ph. We write ρh in the form
ρh = gharadT
4, (21)
where
arad =
pi2k4B
15~3c3
= 7.56× 10−15 erg cm−3K−4 (22)
5is the radiation energy constant, and gh = 17.25. Equa-
tion (10) now reads
ρ˙h + 4ρhH0 − 9ET
−5H20 = 0, (23)
which can be rewritten as (H0 = a˙0/a0)
T˙
T
+
a˙0
a0
−
9E
4gharadT 9
a˙0
2
a20
= 0. (24)
It is of interest to evaluate the ratio between the last
two terms in this equation. Calling the ratio X , we get
X =
9E
4gharad
1
T 9
a˙0
a0
= 4.83× 1086
1
T 9
a˙0
a0
. (25)
This expression is useful, since it shows the very high
sensitivity of the viscosity with respect to temperature,
and also gives a realistic estimate of the magnitude of
the viscosity effect. We do not need to solve the full
problem in order to estimate the magnitude of this; we
may only use the known expressions for the radiation
dominated universe:
a(t) = 2.2× 10−10t1/2, T (t) = 1010t−1/2K, (26)
according to which t = 1 s when T = 1010 K. Then
H0 = 1/(2t) = 1/2 s
−1, and so X ≈ 2 × 10−4 at this
temperature. This the order of magnitude of viscos-
ity correction that we may expect. If we stretch the
expansion (20) to the lower limit of the plasma era,
T = 5 × 109 K (H0 = 1/8 s−1), we will get X ≈ 0.03.
These numbers are not quite negligible, and indicate
that we ought to treat Eq. (24) a bit further.
We follow this up by first writing Eq. (24) as
d
dt
ln(Ta0) = Kt
5/2, (27)
where we have made use of Eqs. (26) to express the
viscous term as a function of t. The constant K is
K =
9E
16gharad
1
1090
= 1.21× 10−4, (28)
in cgs units. This equation can be integrated with re-
spect to t, from the chosen initial instant t = 1 s to
an arbitrary higher value of t at least roughly compat-
ible with the approximation (20). At the initial point
we moreover assume the validity of Eqs. (26), and we
define for simplicity
T∗ = 2.2K, (29)
in order to comply with the notation used earlier. We
then get from Eq. (27)
a0(T ) =
T∗
T
eF , (30)
where
F = 3.45× 10−5(T−710 − 1), T10 = T/10
10, (31)
(it is helpful to note that H0 =
1
2
T 210). As T10 < 1 in the
integration domain, we thus see that F < 0 and a0(T )
becomes slightly smaller than in the nonviscous case.
With Eq. (30), implying
a˙0
a0
= −
T˙
T
+ F˙ , F˙ = KT−510 , (32)
we obtain from Eq. (8)
t− 1 =
∫ T10=1
T
dT
T [R(T )− F˙ ]
, (33)
with
R(T ) =
[
λ4 − k
(
T
T∗
)2
e−2F +
κ45σ
18
gharadT
4 +
κ45
36
(gharad)
2T 8 + C
(
T
T∗
)4
e−4F
]1/2
.
(34)
The integral (33) requires numerical calculation. We
will abstain from this, in view of the smallness of the
effect. Our main purpose has been to give the general
method for how to calculate the influence from viscos-
ity; the method of course works also when the viscosity
is greater than in the present case. One has only to ad-
just input formula (20) for the viscosity appropriately.
Of obvious physical interest is however to consider
the magnitude of the nonlinear (ρ2) term as compared
with the linear term in Eq. (8), under the present cir-
cumstances. Calling the ratio Y , we see that Y =
ρ/(2σ). Thus with the same value for the brane tension
as used above, σ = 5 × 109MeV4, we see that in the
quark era
YQ = 0.05, (35)
whereas in the hadron era
Yh = 1.38× 10
−2. (36)
Thus, the influence from nonlinearity decreases from
5% to about 1% during the plasma era.
3 Remarks on the shear viscosity
We have so far considered the bulk viscosity ζ only. As
is known, the shear viscosity η is usually omitted in cos-
mology because of the assumed spatial isotropy of the
6cosmic fluid. In later years the shear viscosity concept
has however attracted increased attention, because of
its importance in different areas of physics. Thus, one
may notice that in the modeling of elementary particles
this concept plays an essential role in connection with
the suggestion about the existence of a universal lower
bound on the ratio η/s, s being the entropy content
per unit volume (cf., for instance, the classic paper by
Kovtun et al. (2003)). In geometric units the proposed
inequality takes the simple form
η
s
>
1
4pi
. (37)
There have later appeared several other papers in this
and similar areas; some examples are Brevik and Ghoroku
(2007); Kovtun (2012), and Plumari et al. (2012).
Let us give a bit of the formalism. The fluid’s energy-
momentum tensor is
Tµν = ρUµUν + (p− ζθ)hµν − 2ησµν , (38)
where hµν = gµν + UµUν is the projection tensor, θ =
Uµ;µ the scalar expansion, and σµν = θµν−
1
3
hµνθ with
θµν =
1
2
(Uµ;αh
α
ν + Uν;αh
α
µ) the shear stress tensor.
In principle, all the kinetic coefficients can, via the
Kubo relations, be expressed as correlation functions of
the corresponding currents. For the Fourier component
η(ω) of η the correlator is the stress tensor,
η(ω) =
1
2ω
∫
dtdxeiωt〈[Txy(t, x), Txy(0, 0)]〉; (39)
(cf., for instance, Hosaya et al. (1984); Brevik and Ghoroku
(2007)).
Our question is now: is the shear viscosity important
in the early universe? It is here worth noticing that in-
creasing attention is actually being paid to this kind
of cosmology. Part of the reason for this has its roots
in observations. Recent WMAP measurements indicate
that the quadrupole and the octupole are aligned and
concentrated in a plane about 30o to the galactic plane,
suggesting that there is an asymmetric expansion with
one direction expanding differently from the other two
directions (see, for instance, Tripathy (2014) with fur-
ther references therein).
It seems therefore worthwhile to investigate this case
in some detail. We will take the anisotropic Kasner uni-
verse as a typical example, corresponding to the metric
ds2 = −dt2 + t2p1dx2 + t2p2dy2 + t2p3dz2, (40)
the numbers p1, p2, p3 being constants. One can in-
troduce two numbers P and Q here, defined as P =∑3
1 pi, Q =
∑3
1 p
2
i . In the usual Kasner theory for a
vacuum, one has P = Q = 1. This simple property no
longer holds when the cosmic fluid possesses an energy
density ρ, pressure p, and viscosity coefficients η and ζ,
all of which are depending on time.
The following theoretical description of this situa-
tion is essentially extracted from Brevik et al. (2004a).
From Einstein’s equations, taking Λ4 = 0, it is easy to
obtain the following time-dependent solution
ρ(t) = ρ∗
(
t∗
t
)2
, p(t) = p∗
(
t∗
t
)2
,
ζ(t) = ζ∗
t∗
t
, η(t) = η∗
t∗
t
, (41)
where {ρ∗, p∗, ζ∗, η∗} refer to some some chosen initial
instant t = t∗. The Einstein equations then take the
following convenient form involving time-independent
quantities only,
P −Q+
3
2
κ24ζ∗t∗P =
1
2
κ24t
2
∗
(ρ∗ + 3p∗), (42)
pi(1−P−2κ
2
4η∗t∗)+
1
2
κ24t∗(ζ∗+
4
3
η∗)P = −
1
2
κ24t
2
∗
(ρ∗−p∗)
(43)
(recall that κ24 = 8piG4 in the present notation). From
these equations P and Q can be found, once the pi are
known.
We can now easily calculate the rate of entropy pro-
duction. The average expansion anisotropy parameter
is defined as
A =
1
3
3∑
i=1
(
1−
Hi
H
)2
, (44)
where Hi = a˙i/ai with ai = t
pi , H = 1
3
∑3
1Hi being
the average Hubble factor. This means that A can be
expressed as A = 3Q/P 2− 1. The entropy four-current
is Sµ = nσUµ, with n the baryon number density and
σ = s/n the nondimensional entropy per baryon. In the
comoving frame of reference the rate of entropy produc-
tion is thus
σ˙ =
3P 2
nT t2
(
ζ +
2
3
ηA
)
. (45)
This simple relationship enables us to determine the
amount of anisotropy in the plasma era for which the
shear and bulk viscosity are of the same importance.
From Eq. (45) we have for this case
A ≈
3
2
ζ
η
. (46)
7From the tabular data given in Hogeveen et al. (1986)
we have at T = 1012 K (cgs units): η = 9.81×1023, ζ =
2.80 × 1013, leading to A ≈ 4 × 10−11, an immensely
small number. At the lower end of the era, for T =
5 × 109 K, we have η = 2.02 × 1026, ζ = 1.55 × 1024,
implying A ≈ 1×10−2. There is thus a very large differ-
ence between the two cases as regards influence upon
entropy production; the anisotropy parameter having
to be much higher at the lowest temperatures in order
to make the influence from η appreciable.
4 Summary
Our analysis has been restricted to the plasma era only,
i.e., the period for which the temperature drops from
about 1012 K to 5 × 109 K. In the earlier parts of this
era we have found that the bulk viscosity ζ plays a neg-
ligible role. That includes the first order quark-gluon
phase transition occurring at about 1012 K. In the later
part of the era, the influence from viscosity may be dis-
cernible, a few per cent typically. Our analysis has been
based upon the value for ζ(T ) calculated from kinetic
theory, to the first order in the inverse temperature
expansion; cf. Eq. (20). Equations (33) and (34) deter-
mine the relationship between temperature T = T (t)
and time t, at times after the phase transition.
Although the magnitudes of the calculated viscos-
ity corrections in the situation considered here are nu-
merically small, the mathematical procedure as such is
general, and may be applicable for other eras in the
universe’s history for which the effect can be greater.
Once anisotropies in the geometry of the universe are
incorporated, the shear viscosity η also comes into play.
Section 3 discusses the Kasner universe as an example.
Equation (46) shows the magnitude of the anisotropy
parameterA for which ζ and η are of similar importance
for the local entropy production. It turns out that the
value of A is relatively big, A ≈ 10−2, in the later part
of the plasma era. Here the values of η, as well as ζ, as
functions of time, are adopted from kinetic theory.
Acknowledgements
I thank Kazuo Ghoroku for valuable discussions and
correspondence on this topic. Also, I thank Lars Husdal
for making me aware of the paper by Hogeveen et al.
(1986).
8References
Alishahiha, M, Karch, A., Silverstein, E., Tong, D.: AIP
Conf. Proc. 743 (2005) 393.
Alishahiha, M., Karch, A., Silverstein, E.: JHEP 0506
(2005) 028.
Babington, J., Erdmenger, J., Evans, N., Guralnik, Z.,
Kirsch, I.: arXiv:hep-th/0306018(2003).
Brevik, I., Ghoroku, K., Odintsov, S. D., Yahiro, M.: Phys.
Rev. D 66, 064016 (2002).
Brevik, I., Hallanger, A.: Phys. Rev. D 69, 624009 (2004).
Brevik, I., Børven, J.-M., Ng, S.: Gen. Relativ. Gravit. 38,
907 (2006).
Brevik, I.: Eur. Phys. J. C 56, 579 (2008).
Brevik, I., Grøn, Ø.: Relativistic universe models. In: Re-
cent Advances in Cosmology (Nova Scientific Publishers,
New York, 2013), p. 97.
Brevik, I., Nojiri, S., Odintsov, S. D., Vanzo, L.: Phys. Rev.
D 70, 043520 (2004).
Brevik, I., Ghoroku, K.: Phys. Rev. D 16, 1249 (2007).
Casero, R., Nunez, C., Paredes, A.: Phys. Rev. D 73,
086005 (2006).
De Risi, G., Harko, T., Lobo, F. S. N., Pun, C. S. J.: Nucl.
Phys. B 805, 190 (2008).
Erdmenger, J., Ghoroku, K., Meyer, R.: Phys. Rev. D 84,
026004 (2011).
Erdmenger, J., Ghoroku, K., Meyer, R., Papadimitriou, I.:
arXiv:1205.0677 (2012).
Evans, N., Shock, J. P.: arXiv:hep-th/0403279 (2004).
Ghoroku, K., Yahiro, M.: Phys. Lett. B 604, 235(2004).
Ghoroku, K., Ishihara, M., Nakamura, A.: Phys. Rev.D74,
124020 (2006) .
Ghoroku, K., Ishihara, M., Nakamura, A.: Phys. Rev.D75,
046005 (2007) .
Grøn, Ø.: Astrophys. Space Sci. 173, 191 (1990).
Hawking, S. W., Maldacena, J. M., Strominger, A.: JHEP
0105, (2001) 001.
Hirayama, T.: JHEP 0606, 013 (2006).
Hogeveen, F., van Leeuwen, W. A., Salvati, G. A. Q.,
Schelling, E. E.: Physica (Amsterdam) 134A, 458 (1986).
Hosoya, A., Sakagami, M., Takao, M.: Ann. Phys. (NY)
154, 229 (1984).
Karch, A., Katz, E.: JHEP 0206, 043 (2003).
Kovtun, P., Son, D. T., Starinets, A. O.: JHEP 10, 064
(2003).
Kovtun, P.: J. Phys. A: Math. Theor. 45, 473001 (2012).
Kruczenski, M., Mateos, D., Myers, R. C., Winters, D. J.:
JHEP 0307, 049(2003).
Kruczenski, M., Mateos, D., Myers, R. C., Winters, D. J.:
arXiv:hep-th/0311270 (2003).
Maldacena, J. M.: Adv. Theor. Math. Phys. 2, 231 (1998);
Gubser, S. S., Klebanov, I. R., Polyakov, A. M.: Phys.
Lett. B 428, 105 (1998); Witten, E.: Adv. Theor. Math.
Phys. 2, 253 (1998); Polyakov, A. M.: Int. J. Mod. Phys.
A 14, 645 (1999).
Murphy, G. L.: Phys. Rev. D 8, 4231 (1973).
Nunez, C., Paredes, A., Ramallo, A. V.: JHEP 0312,
024(2003).
Plumari, S., Puglisi, A., Scardina, F., Greco, V.: Phys. Rev.
C 86, 054902 (2012).
Randall, L., Sundrum, R.: Phys. Rev. Lett. 83, 4690 (1999).
Sakai, S., Sonnenshein, J.: arXiv:hep-th/0305049 (2003).
Thomas, L. H.: Quart. J. Math. (Oxford) 1, 239 (1930).
Tripathy, S. K.: arXiv:1407.7791 (2014); to appear in As-
trophys. Space Sci.
Weinberg, S.: Astrophys. J. 168, 175 (1971).
This manuscript was prepared with the AAS LATEX macros v5.2.
